Abstract. We present a new and simple approach to the theory of multiple operator integrals that applies to unbounded operators affiliated with general von Neumann algebras. For semifinite von Neumann algebras we give applications to the Fréchet differentiation of operator functions that sharpen existing results, and establish the Birman-Solomyak representation of the spectral shift function of M. G. Krein in terms of an average of spectral measures in the type II setting. We also exhibit a surprising connection between the spectral shift function and spectral flow.
Introduction
In the seminal paper of Yu. L. Daletskii and S. G. Krein [16] , the theory of multiple operator integrals emerged as an important tool in the differentiation theory of operator functions and in perturbation theory. On the other hand, an important concept in the theory of perturbations is the spectral shift function which first arose in the work of I. M. Lifshits [28] in solid state theory and put on a firm mathematical basis by M. G. Krein [25] .
An important connection between these two theories was made by M. Sh. Birman and M. Z. Solomyak [4] who showed that the theory of double operator integrals led naturally to a new representation for the spectral shift function as an average of spectral measures.
A principal aim of this paper is to present a new approach to the theory of multiple operator integrals, which provides a coherent path to the theory 1 of differentiation of operator functions, the spectral shift function and the theory of spectral flow in the setting of type II von Neumann algebras. Our approach is conceptually simpler than those of [29, 30] , although it applies to a somewhat narrower class of functions. On the other hand, since our approach does not depend on the vector-valued integration theory against a finitely additive measure as in [5, 29, 30] , it is also suitable for general (non-semifinite) von Neumann algebras (see Section 4) . Our approach to the theory of multiple operator integrals is quite different from earlier approaches to be found in [16, 31, 39, 40] .
During the final stages in the preparation of this paper, the authors became aware of a preprint of V. V. Peller [32] , where a similar approach to the theory of multiple operator integrals is presented in the setting of type I von Neumann algebras. While Peller's approach in the type I case applies to the class of integral projective tensor products, the present paper in the more general type II setting restricts attention to the natural Wiener classes and thus permits us to show Fréchet differentiability rather than Gateaux differentiability. In particular, we strengthen the differentiation results of [29] by showing that Gateaux differentiability can be replaced by Fréchet differentiability and we show the existence of higher order Fréchet derivatives of operator-valued functions.
Our present approach also allows us to consider perturbations of selfadjoint operators which are affiliated with semifinite von Neumann algebras. This is a substantial difference with [29, 30] , which treated the more special case of (so-called) τ -measurable operators [21] . The necessity of avoiding the latter restriction is especially clear in the applications. An important ingredient is the recent extension to the type II setting of the Krein spectral shift function [2] . When combined with our development of multiple operator integration together with the ideas of [4] , we establish a (type II) extension of the important Birman-Solomyak formula, concerning spectral averaging (see Section 6) .
Perhaps the most surprising connection of our study is with the theory of spectral flow, which is presented in Section 7. While the theory of spectral shift function (see the lectures [26] and the survey [3] ) is a part of operator theory, the theory of spectral flow, which originated in the work of M. Atiyah, V. Patodi and I. M. Singer [1] on a generalization of the AtiyahSinger index theorem, finds its proper analytic setting in the framework of non-commutative geometry created by A. Connes [14] . One of the main results of the latter theory is the odd local index theorem of A. Connes and H. Moscovici [15] which has recently been developed in the type II setting [11, 12] . This latter work inspired our result (in Section 7) that the theory of the spectral shift function and that of spectral flow coincide in the case of trace class perturbations.
Notations and Preliminaries
We denote by H a separable complex Hilbert space, by N a von Neumann algebra acting on H, by B(H) the algebra of all bounded linear operators acting on H and by Tr the standard trace on H. In case when N is semifinite, we denote by τ a faithful normal semifinite trace on N , by L 1 (N , τ ) the set of τ -trace class operators affiliated with N , by L 1 (N , τ ) = L 1 (N , τ ) ∩ N the set of all bounded τ -trace class operators and by K(N , τ ) the set of all τ -compact operators (see [21] ) from N . If S is a measure space we denote by B(S) the set of all bounded measurable complex-valued functions on S. The so-topology and so * -topology denote, respectively, the strong operator topology and the strong * operator topology. We denote the uniform norm on B(H) by · .
If E is a * -ideal in a von Neumann algebra N which is complete in some norm · E , then we will call E an invariant operator ideal (see [13, 
A S E B for all S ∈ E and A, B ∈ N . We say that an operator ideal E has property (F) if, for all nets {A α } ⊂ E such that there exist A ∈ N for which A α → A in the so * -topology and A α E 1 for all α, it follows that A ∈ E and A E 1.
If E = N ∩ E(N , τ ) for some rearrangement invariant Banach function space E (see [19] ) with the Fatou property (that is, if 0 f α ↑ is an increasing net in E, sup α f α E < ∞ then sup α f α exists in E and f α E ↑ f E ), then [19, Proposition 1.6] together with Lemma 2.5 below shows that E has the property (F).
Every von Neumann algebra with the uniform norm is an invariant operator ideal with property (F). If N is a semifinite von Neumann algebra with a faithful normal semifinite trace τ then the spaces [27, 18] ) are invariant operator ideals with the property (F).
For any C 1 -function f : R → C, we denote by f [1] the continuous function
and for any C n+1 -function f :
It is well known that f [n] is a symmetric function. We denote by W n (R) the set of functions f ∈ C n (R), such that the j-th derivative f (j) , j = 0, . . . , n, is the Fourier transform of a finite measure m f on R.
The next lemma introduces a finite measure space which will be used in our definition of multiple operator integrals in Section 4 below.
is a finite measure space.
Proof. The total variation of the measure ν
on the set Π (n) (up to a constant) is equal to
where ∆ s 0 is the volume of the n-dimensional simplex of size s 0 .
We write for simplicity Π = Π (1) and ν f = ν
f . The next two lemmas provide concrete representations (see section 4) for divided differences f
[n] of functions belonging to the class W n (R).
Proof. We have
where the repeated integral can be replaced by the double integral by Fubini's theorem and Lemma 2.1.
Proof. By Lemma 2.2 and induction, we have
Lemma 2.5. Let (N , τ ) be a semifinite von Neumann algebra. If A α ∈ N , α ∈ I, is a uniformly bounded net converging in the so-topology to an operator
Proof. Proof. Since the spectral resolution of a self-adjoint operator is strong operator σ-additive (see e.g. [36, VIII.3] ), the assertion of the lemma follows from Lemma 2.5. Let (S, Σ, ν) be a finite measure space and E be an invariant operator ideal with property (F). A bounded function f : (S, ν) → E will be called (i) weakly measurable if, for any η, ξ ∈ H, the function f (·)η, ξ is measurable;
Integration of operator-valued functions
(ii) * -measurable if, for all η ∈ H, the functions
are Bochner measurable from S into H; (iii) so * -measurable if there exist a sequence of simple (finitely-valued) measurable functions f n : S → E such that f n (σ) → f (σ) in the so * -topology for a. e. σ ∈ S. Proposition 3.2. If E has property (F), then, for any E-bounded function f : (S, ν) → E, the following conditions are equivalent.
Proof. The implications (iii) ⇒ (ii) ⇒ (i) are evident (and do not depend on property (F)). That (i) ⇒ (iii) follows from Lemma 3.1 and [41, Propositions 1.9 and 1.10].
We denote the set of all · -bounded * -measurable functions
. Examples of such functions are bounded · -Bochnermeasurable functions and, in the case that S is a locally compact space, all so * -continuous bounded functions.
The following lemma is a simple consequence of the previous proposition (cf. [29, Lemmas 5.5, 5.6]).
where the last integral is a Bochner integral. Evidently, such an integral exists and it is a bounded linear operator with (uniform) norm less or equal to |ν| f ∞ .
Lemma 3.4. If E has property (F), and if the sequence
We have that, for any η ∈ H, the sequence f n (σ)η converges to f (σ)η for ν-a.e. σ ∈ S. Since the H-valued functions f n (·)η are Bochner measurable and since the pointwise limit of a sequence of Bochner measurable functions is a Bochner measurable function, we have that f ∈ L so * ∞ (S, ν). That f (σ) ∈ E for a. e. σ ∈ S follows from property (F).
Proof. By Proposition 3.2, we can choose a sequence of simple functions f n ∈ L so * ∞ (S, ν; E) converging a. e. in so * -topology to f. Evidently, A n := S f n dν ∈ E for all n ∈ N. By the definition (2) of operator-valued integral, the sequence {A n } ∞ n=1 converges to S f dν in the so * -topology by the Lebesgue Dominated Convergence Theorem for the Bochner integral. That S f dν ∈ E now follows from the property (F) of E.
Corollary 3.6. Under the assumptions of Lemma 3.4, we have
in the so * -topology.
The lemma follows directly from [43, Corollary V.5.2].
Proof. Since f (·, ·) is integrable, for any η ∈ H there exists a ν 2 -measure zero set A η ⊂ S 2 such that for all t / ∈ A η the function f (·, t)η is Bochner integrable (see [20, Theorem III.11.13] ). If {ξ j } ∞ j=1 is an orthonormal basis in H and A = ∞ j=1 A ξ j , then ν 2 (A) = 0 and, for any η ∈ H and t / ∈ A, we have
c n ξ n . Since linear combinations and uniformly bounded pointwise limits of sequences of Bochner integrable functions on the measure space (S, ν) are Bochner integrable (by the Lebesgue Dominated Convergence Theorem), it follows that f (·, t)η is integrable for t / ∈ A. Similarly, there exists a ν 2 -measure zero set A ′ such that f (·, t) * η is integrable for all η ∈ H and t / ∈ A ′ . Hence, f (·, t) is integrable for all t / ∈ A ∪ A ′ and the operatorvalued function g(t) := S 1 f (s, t) dν 1 (s) is well-defined. Now, the integral g(t)η = S 1 f (s, t)η dν 1 (s) exists and is equal to S 1 ×S 2 f (s, t)η d(ν 1 ×ν 2 )(s, t) by Fubini's theorem for the Bochner integral of H-valued functions [20, Theorem III.11.13] . The latter means that the equality (3) holds.
Then by Lemma 3.7
(ii) This follows from the fact that two representations of a von Neumann algebra can be obtained from each other by ampliation, reduction and spatial isomorphism [17] , since for each of these isomorphisms the claim is evident.
Proof. Lemma 3.5 implies that X ∈ L 1 (N , τ ), so that the left hand side of the equality above makes sense.
By [29, Lemma 5.9] , the function τ (f (·)) is measurable. By linearity and by Lemma 3.3(i), we can assume that f (·) 0. By Lemma 3.9(ii), we can assume that N acts on L 2 (N , τ ) in the left regular representation. Let E be an arbitrary τ -finite projection from N . Then E ∈ L 2 (N , τ ) and by the definition (2) of the operator-valued integral
where the right hand side is a Bochner integral in
Now, normality of the trace τ and the dominated convergence theorem imply that
Multiple operator integrals
In this section, we define multiple operator integrals of the form
We denote by B(R n+1 ) the set of all bounded Borel functions on R n+1 . Throughout this section, we consider the set of those functions φ ∈ B(R n+1 ) which admit a representation of the form
where (S, ν) is a finite measure space and α 0 , . . . , α n are bounded Borel functions on R × S. Similar representations (for the case n = 1) were discussed in [29] . 
where the integral is taken in the sense of definition (2) . Proof. We first prove that if the operators V 1 , . . . , V n are all one-dimensional, then the right hand side of (5) does not depend on the representation of φ given by (4) . For η, ξ ∈ H, we denote by θ η,ξ the one-dimensional operator defined by formula θ η,ξ ζ = η, ζ ξ, ζ ∈ H. It is clear that Tr(θ η,ξ ) = η, ξ , Aθ η,ξ = θ η,Aξ for any A ∈ B(H) and that θ η 1 ,ξ 1 . . . θ ηn,ξn = η 1 , ξ 2 . . . η n−1 , ξ n θ ηn,ξ 1 .
Since the measure η, dE λ ξ has finite total variation, Fubini's theorem implies
We recall that, if A, B are bounded operators, then A = B if and only if the equality Tr(V A) = Tr(V B) holds for all one-dimensional operators V. It now follows immediately that the multiple operator integral does not depend on the representation (4) of φ in the case that the operators V 1 , . . . , V n are one-dimensional. By linearity, it follows that the definition of multiple operator integral does not depend on the representation (4) in the case of finite-dimensional operators V 1 , . . . , V n . Since every bounded operator is an so-limit of a sequence of finite-dimensional operators, the claim follows from Proposition 4.9. This follows from Lemma 3.9.
The following observation is a direct consequence of Lemma 2.3 and Definition 4.1.
Lemma 4.6. If E is an invariant operator ideal with property (F) and if one
of the operators V 1 , . . . , V n belongs to E, then
In case that n = 2, this yields
where (see [29] )
Proof. Follows from Lemmas 3.3(i) and 3.5. [5] and [29] .
τ ) and if n = 2, then the preceding definition coincides with the definition of double operator integral as a spectral integral given in
. . , n, B 0 , . . . , B n are self-adjoint operators affiliated with N , φ ∈ B(R n+1 ) and φ(λ 0 , . . . , λ n ) admits the representation (4), then
Proof. It is enough to note that the operator-valued function in the so-topology (respectively, norm topology) as k 1 , . . . , k n → ∞.
(
ii) If a sequence of self-adjoint operators B
(k j ) j , j = 0, . . . , n resolvent strongly converges to B j as k j → ∞ and V 1 , . . . , V n ∈ B(H), then
in the so-topology as k 0 , . . . , k n → ∞.
Proof. We prove the part (ii), the proof of part (i) is similar (and simpler). Suppose that
is a representation of φ given by (4). Since α(·, σ) is a bounded function for every σ ∈ S, the operators α(B (ii) in the case of double operator integrals, if φ 1 and φ 2 admit a representation of the type given in (4) , then so does φ 1 φ 2 and
Proof. (i) If we take representations of the form (4) with (S 1 , ν 1 ) and (S 2 , ν 2 ) for φ 1 and φ 2 and put (S, ν) = (S 1 , ν 1 ) ⊔ (S 2 , ν 2 ) for φ 1 + φ 2 with evident definition of α 1 , α 2 , . . . , then the equality (9) follows from Definition 4.1. Here ⊔ denotes the disjoint sum of measure spaces.
(ii) If
Consequently,
Now, Lemma 3.7 and Fubini's theorem (Lemma 3.8) imply
Higher order Fréchet differentiability
We note that, by Stone's theorem [36, Theorem VIII.7] and joint continuity of multiplication of operators (from the unit ball) in the so-topology [6, Proposition 2.4.1] all operator-valued integrals occurring in this and subsequent sections are defined as in section 3.
Lemma 5.1. If A is a self-adjoint (possibly unbounded) operator on a Hilbert space H and if f is a function on
The proof is a simple application of Fubini's theorem. Proof. Let F (t) = e itA e −itB . Taking derivative of F (t) in the so-topology gives
So,
Multiplying the last equality by e isB from the right gives (10).
Theorem 5.3. Let N be a von Neumann algebra. Suppose that B = B * is affiliated with N , that V ∈ N is self-adjoint and set
Proof. It follows from Lemma 5.1 that
Hence, by Lemma 5.2,
Since f ∈ W 1 (R), by Lemma 2.1 and Fubini's theorem (Lemma 3.8), the repeated integral can be replaced by a double integral, so that
It now follows from Lemma 4.5 that
f [1] (V ). Remark 5.4. The preceding formula is due to Birman-Solomyak [5] . It is similar to [30, Corollary 7.2] , which applies to a wider class of functions but is restricted to bounded operators in a semifinite von Neumann algebra N .
Let X be a topological vector space, E be a normed space embedded in X. Let x ∈ X and f : x + E → f (x) + E. The function f is called affinely Fréchet differentiable at x along E if there exists a (necessarily unique) bounded operator L : E → E such that
Theorem 5.5. Let N be a von Neumann algebra, acting in a Hilbert space H. Let B = B * be affiliated with N and let V ∈ E sa , where E is an invariant operator ideal over N with property (F). If f ∈ W 2 (R), then the function f :
f [1] . The function X → D E f (B + X) is continuous in the norm of E and satisfies the estimate
Proof. By (12) we have, following [42] ,
f [1] (V ) and represents a continuous linear operator on E (see Lemmas 4.5 and 4.6), so that it will be a Fréchet derivative of f : B + E → f (B) + E provided it is shown that the second term is o( V E ). Applying Duhamel's formula (10) yields
Since f ∈ W 2 (R), Lemmas 2.4, 4.3 and 4.5 enable us to rewrite (15) as
f (s, t, u),
f ) is the finite measure space defined in Lemma 2.1. The Enorm of the last expression is estimated by ν
f [1] . The norm continuity of this derivative and the estimate (13) follow by a similar argument using Duhamel's formula (10).
Remark 5.6. It follows, in particular, from the preceding theorem via Lemma 4.6 that the operator T B,B f [1] E is a bounded linear operator on E.
Theorem 5.7. Let N be a von Neumann algebra on a Hilbert space H, let B = B * be affiliated with N and let
+E sa is n-times affinely Fréchet differentiable along E sa and
where P n is the standard permutation group.
Proof. If n = 1 then this theorem is exactly Theorem 5.5. Set B = B + V n+1 . By induction we have
A single term of this sum is
B ,...,B f [n] (V σ(1) , . . . , V σ(n) ) . Now, the j-th summand is (Lemma 4.5)
By Duhamel's formula (Lemma 5.2), we have
f (s 0 , . . . , s n ). Hence, it follows from formula (17), Lemma 2.4 and the fact that multiple operator integral is well-defined (Lemma 4.3) that
B ,...,
Since the multiple operator integral on the right hand side minus the same multiple operator integral with the last B replaced by B has the order of o((max V j ) n+2 ) by Duhamel's formula, we see that the theorem is proved. That the value of the derivative (16) belongs to E follows from Lemma 4.6.
The argument of the last proof and Lemma 4.5 implies 
Proof. This corollary is a consequence of Theorem 5.7 and Taylor's formula [38, Theorem 1.43].
Spectral shift and spectral averaging
The aim of this section is to prove a semifinite extension of a formula for spectral averaging due to Birman-Solomyak [4] . 
and for any function f ∈ C 1 (R), whose derivative f ′ admits the representation
is τ -trace class and
The function ξ B+V,B (·) is called the Krein spectral shift function for the pair (B + V, B). Proof. Let φ λ,ε be a smooth approximation of χ (−∞,λ] . We note that φ λ,ε (B) = φ 0,ε (B − λ), and that the unbounded-operator valued function (λ, r) ∈ R 2 → B r − λ is resolvent uniformly continuous [36, VIII.7] . It follows from [36, Theorem VIII.20(b) ] that the function (λ, r) → φ λ,ε (B r ) is so-continuous, so that Lemma 2.5 implies that the function (λ, r) → τ (V φ λ,ε (B r )) is continuous. Now, since φ λ,ε → χ (−∞,λ] pointwise as ε → 0, the operator φ λ,ε (B r ) → χ (−∞,λ] (B r ) in so-topology. Hence, again by Lemma 2.5, the function τ V χ (−∞,λ] (B r ) is measurable. 
where the measure Ξ is given by
Here B r := B + rV, r ∈ [0, 1] and dE Hence,
Since the function α(·)β(·) is bounded, the simple spectral approximations to the bounded operator α(B)β(B) converge uniformly and so, after multiplying by V , converge in norm of L 1 (N , τ ). This implies that
Hence, for functions of the form φ(λ, µ) = α(λ)β(µ), it follows that 
It follows from (19) that
The interchange of integrals in the second equality is justified by Lemma 2.6 and Fubini's theorem. Further, since f ∈ W 2 (R), it follows from Theorem 5.
Br,Br f [1] exists for all r ∈ 
By Corollary 4.8 and taking traces it follows that (21) and (20) imply Proof. From Theorem 6.1 and Theorem 6.3, it follows that
. Consequently, the measures dΞ(λ) and ξ(λ) dλ have the same derivative in the sense of generalized functions. By [22, Ch. I.2.6] there exists a constant c such that
Since the measures dΞ(λ) and ξ(λ) dλ are finite, it follows immediately, that c = 0. Let us first recall preliminary material about spectral flow. For more details see [34, 35, 9] . In these papers the notion of type II spectral flow is introduced and an analytic approach is developed starting from ideas of Getzler [23] . The new approach of these papers allows the study of spectral flow between certain unbounded Breuer-Fredholm operators affiliated with a general semifinite von Neumann algebra [9] . We summarize the main features.
Let N be a semifinite von Neumann algebra with a faithful normal semifinite trace τ and P, Q ∈ N be two infinite projections. Let ker Q T := ker T ∩ Q(H). An operator T ∈ P N Q is said to be (P, Q) τ -Fredholm if the subspaces ker Q T and ker P T * are τ -finite and there exists a projection P 1 ∈ N such that P 1 ≤ P, τ (P − P 1 ) < ∞ and P 1 (H) ⊂ T (H). In this case (P, Q)-index of the operator T is defined to be a number τ -ind P -Q (T ) := τ [ker Q T ] − τ [ker P T * ].
Here [K] denotes the projection onto the subspace K ⊆ H. If P = Q = 1 we call T just τ -Fredholm. For details see [7, 8, 33] . Now, let F : t ∈ [a, b] → F t ∈ N be a norm continuous path of τ -Fredholm operators and P t = 1 2
(1 + sign(F t )). If a partition t 0 = a < t 1 < . . . < t n = b of the segment [a, b] is sufficiently small, then the operators P j−1 P j : P j H → P j−1 H, P j−1 P j ∈ P j−1 N P j , are (P j−1 , P j ) τ -Fredholm for j = 1, . . . , n (P j := P t j ), so that the number sf({F t }) := n j=1 τ -ind P j−1 -P j (P j−1 P j ) is well-defined and does not depend on the partition {t j , j = 1, . . . , n} . Further, if two paths {F t } and {G t } with the same ends points are norm homotopic, then sf({F t }) = sf({G t }), so that the spectral flow sf(F 0 , F 1 ) depends only on the endpoints.
We recall the definition of a semifinite spectral triple (see e.g. [10] ). , where j ε (x) = ε π e −εx 2 , x ∈ R. By Corollary 6.4 and using the fact that the system {j ε } is an approximate identity, we obtain that 
